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« 12 Introduction

[- 2% Statistical learning — 012t 7i'E, K-nearest neighbor}
classifier &

/e 3% Linear regression — Ct&3| 12, £3|12d" S
+ 4% Classification - ZX| A8 9| HEY, HEEH S
« 5& Resampling methods — cross-validation, bootstrap =

- 6% Linear model selection and regularization — stepwise
\_selection, ridge regression, lasso = )




=i S &3 A2

L- 6% Linear model selection and regularization — principal J

component regression, partial least squares =

/e 7% Moving beyond linearity — non-linear methods N

- 8% Tree-based methods — bagging, boosting, random forests
S

« 9% Support vector machine — both linear and non-linear

\_methods %

« 10& Unsupervised learning — principal component analysis,
K-means clustering, hierarchical clustering =
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& A& St& (Statistical learning)

- |O|EH & O|dlist7| {t BHEO| RISH
o X| = (supervised)&r& 1t H|X| = (unsupervised)St 52 2 &
« X|£5H50|2? 3Lt =22 £ O|Ato] &7k

ol (output)= O =otALE =Fot7| ?{o) A

A

« H|X| =ob &0 EF? 7<|E5FE 21t B0l BHUTe = g5

L_ o

o &ALt #+Z& O0[E(mining) ot A




A Z(wage) At=

« SO Y (mid-atlantic ) X[FO|A ==&l 3,0008 &3
TE2ASS ¥F A=

« 1171 B2 g =l data frame

- year: Year that wage information was recorded

- age: Age of worker

* education: A factor with levels 1. < HS Grad 2. HS Grad 3.
Some College 4. College Grad 5. Advanced

- wage: Workers raw wage



e A=

e maritl: A factor with levels 1. Never Married 2. Married 3.
Widowed 4. Divorced 5. Separated

* race: A factor with levels 1. White 2. Black 3. Asian 4. Other
e region: Region of the country (mid-atlantic only)

* jobclass: A factor with levels 1. Industrial 2. Information

* health: A factor with levels 1. <=Good 2. >=Very Good

e health_ins; A factor with levels 1. Yes 2. No

 logwage: Log of workers wage




Florida

The Mid-Atlantic Region
of the United States



NI

0

Al HEE O =712

cr
o
continuous) 22 Y& (quantitative)!

Al

-
L

| (regression)

-



_ I _ _ | |
00¢ 002 001 0%

obep

00€ 00¢ 001L 09

obep

2 3 4 5

1

2006 2009

2003

60 80

40

20

Year Education Level

Age



Ol A Ct=!

KO



S A & (stock

« 2001 HEE 20054 77tX
S&P) 500 X|4=9o| &4 =~
« 97§ = 12507 =0

market) XI &



STAY AR

 Lag1: Percentage return for previous day

* Lag2: Percentage return for 2 days previous
 Lag3: Percentage return for 3 days previous

* Direction: A factor with levels Down and Up

* Year: The year that the observation was recorded
 Lag4: Percentage return for 4 days previous
 Lag5: Percentage return for 5 days previous
 Volume: Volume of shares(Z=4l) traded

 Today: Percentage return for today
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SHAY A= 230 SOLHE |

« O| XHEHH 2 M (quadratic discriminant analysis) 21t O Al

« 2001-2004 XIZ 2 AFE3HA, 2005H 0| Down™ ZHEZ 0=,

CHEF 60% 8 = O =2t &K
« 464% EZ: Down 1012 & 30€ = Down2 £ 0%, Up 151

A = 12148 Up2 2 05

=
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FHXE &5 (gene expression) AtE

« NCI60 A=Z
« 64719 M ZE(cancer cell lines)Of| L3 6830 ST Xt B5i gt

» data®} labs 2 T & [ist
 Data: a 64 by 6830 matrix of the expression values
« Labs: a vector listing the cancer types for the 64 cell lines
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T & (clustering) =Al!
1080 CH=
=

Ol AT Brom A|ZH8l7} ofE 2
XY =4 TmQ)
« ’d& (principal components) 274 2F 11
» ™ &(cluster)?} 471 O] ZX}!
- 2N 1470 SF2| & EXI

. Ot MHE Xi61 Af9~6}7(| 03 =0l F=EEEM (principal component
analy5|s) A7 AHN b FAH
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Outline

SAH st& (statistical learning)O| 2t?
DHo| H2td UL BuNESA *EE



1 —_ -

SAH =50 e

* Xy, Xz, ., Xy Y H=(input variables), ol H=(predictors),
= 2l #H==(independent variables), 22 & (features)

e Y: A1H==(output variable), BFS#H=(response variable) 2
=< H = (dependent variable)

* Y2 X = (X1, Xy, .., Xp) 2| ©AE BS= €HH QI &

Y=fX)+e
e f: O|X[Q] &= XA & (systematic) ‘S&
e ¢ SHE @ XHrandom error) 0| 00|11 O =0 EE

 FE 2| Q8 LeSo| e
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=2 (inference)



= (accuracy)= Sa7ts 2K (reducible error)2f
=7ts X} (irreducible erron)0f 2=
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off SL=7ts A= EMNOH=71?

N N

unmeasured variables)7t A2 =&
unmeasurable variation)0| Y& =&



H M| & 22Xt (mean squared error)

« Remarks: : f1t X = x7f FO{N = O,
[(Y Y) | x] f(x) f(x)] + Var(e)

CHRE BY 4 s WS o
. X7 M9 AsHupper bound)S 2
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e A FE F=Eot=71?

Al E (training set): {(x1:3’1) (x2,¥2), o, (X, }’n)}

= (X1, Xi2, - le) x;; = i-HW A Q| j —':'Wl Ol=H2| 254
i — A 7HX1| HtSH,0| =4k

(X V)2 O AZZOE v~ f(X)O| E| =5 St= f E

e =X (parametric), H| 2% (non-parametric)
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X e ° °

0| =& 2 &= (prediction accuracy)2t

Sl A1 & (interpretability) 2| w2t

e MY DE KA (RIMO|Lt HHOZ 2H) ys, AZ2I0l 2.
S A CHYT HEf(shape)Z = 7ts)

- Qff Motd RS ALESHEIM FE0| 22 = A =0|
o (52 E Hofz)

« SHA B (M DHA]): s MEH | ASSO > E| K|S »
GAMs(Z2EI=i7t 2 Y) » HiZ, FAE, SYMMEE HE 0)



Interpretability

High

Low

Subset Selection

Lasso
Least Squares
Generalized Additive Models
Trees
Bagging, Boosting
Support Vector Machines
[ [
Low High

Flexibility




7H( %9. |=.F(Js\uperV|sed learning) 1}
or—m
| =3+& (unsupervised learning)
K| =Bt BRMET} x,0f ABE y 2
- HYEY, EX[AE saHlIEoﬂ GAMs, A8 SVM &
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2|7 (regression) 2t & (classification)
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BHS RIS O, A (HFY)
- 0]

- 272k HH 2
- = th EXAE 2|72
- 27 & =/ KNN, 28 5
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7}& (simulated) At=(E2.9)
. |ﬁ§ MSE= L}ZhAH Eodo| JIEH RES
=) 2} A
AH

O O —.
2tet 2. LfgtAH B 50| *I’H (optimal) 20j 7|'77|'E'
- S B2 0pESHoverfitting)

* “a least flexible model would have yielded a smaller test MSE"
« = 0f: 1%!2.10(& H), A22.11(H[MH)
« Remarks: M= WXtAZS (cross-validation) 2 HO 2 HAE
MSES =7
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a0 1.
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H O|(bias)2} &=+F(variance)l| w2t

+ 7|l (expected) HIAE MSE: FO{ZI x, 0 CHSH,
A 2 A . ~ 2
E (yo — f(xo)) = Var (f(xo)) + {Blas (f(xo))} + Var(e)
- 2|0]: X2 STAMEE Bt=oiA fE FEUS W x, 0l A
O X|= MSELQ| B+
. %'ﬂ'(overall) 7|CH HIAE MSE: HAE ME

E0f
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a82-12 7k Atz (3 2.9-2.11). =8 FU(X} 24=1), =% F
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- MSE LA @F== AL @F = (error rate):%Z’iLlI(yi + 9;)
-y fRERH O|FE HFEHE)
- @ 257 =l H|l=(fraction of incorrect classification)

VEHIAE QB8 E|AE MEO &3 WA (xoy0) 0l CHEH 10y #
90)2 T3 = Ha AN
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CHAE QB82S X st 2HS M




H| 0| = &5 7|(Bayes classifier)

- O}O|C|Of: =0l Oof| 5= 4f0f CS =3
: Al T B S| 7HA Qs =5t
HT(class) B 25 °TES

» Ol S =0 2k xOfl CHOH /- B0l £ TS =5 5,
P(Y =jlX =xp)2 71T 3 ol HF2E &7
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H|O|= =/ 7|

« Remarks 1:

e X = x,0fl LSt HO|= LFJE = 1 —maxP(Y =j|X = x,)
j
« ESloveral) HO|= @5& =1-F (maxP(Y =j|X)): "expectation”=

J
RE 7tseh x| zrof Cier W"= 2|0
« Remarks 2: 7t Xt20|AM &S H0|= 2522 = 0.1304
« o OELC 71?7 & BHEO| ME AX|= BE20| /S
31 SROIN ZAEI 58 QB0 RA




K-Z| 28 0| &5F7|(K-nearest
neighbor classifier)
.9 QBT HIO|= BE2I|0M EUE EE p(YX)S H AL

+ gl
P(YIN)E BB 93 3 O 2 KNN
P(Y=j|X=xo)=E [(y; =J)
lENO

- O o
« Ny X = x,0l 283l U= k4 SHME JHHS2 e
- Off: 7t XtR (O E2.14)
+ K =3

« K-Z|2H 0|2 27 ZA(KNN decision boundary): &AM 4 M
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« Of: 7t Ar=(&2.15, 2.16)
« K =10
- HAE @F=E: 01363(KNN)

e K=1vs. 100 & I}: (D= S}A|
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O%l2-15 E2fA
Hio|= A F4,
H2M: KNN(K=10)
4% 49
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J82-16 EctM: Hjo|= 278 d4|, 42M4: KNN 2% 34
KNN: K=1 KNN: K=100
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Move on to 03 Linear regression
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Outline
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03 Linear Regression



E- o —
e MY =By + B X + €
* Bo: A H(intercept)
« B1: 7|12 7|(slope)
* Bo, Br: BIX|2](unknown) 2| A Z=(regression coefficients) 22
3| 2 4= (regression parameters)2til Bt
ce. tHE QX E(e) =0



2| HA = =3

CIOIE MIE: (x1,31), (2, ¥2), -, (X, V)
. 25 CO[E) MEO| JE IE XHS U H 5y~ fy+fux
- £|2H[ 5 (least squares) & EI' =, TAHN & 2 (residual sum of

squares; RSS)= 7S & St= W= ﬁo,ﬁl_il

* 9; = Po + P1x;: G5 2k (predicted value)
=y; — Vi Exf(residual)

» RSS= Zn 1‘92 = 1(3’1 ,8135 )
 LSE(least squares estlmates)

_ i =i =Y 4 =5
ﬁl - Z?=1(xl . x)z 'ﬁO =Yy ﬁ

=l




Remarks:

* f(X) = By + B1X: True(2)2| &M (population regression line)

eV = £ = By + B X: AW S 3| E M (least squares
regression line)

(LS HME0| B ~ BTN
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213-3: 7FAF XFE. f(X)=2+3X. W7 (True 3] X M), THEHA (LS 3] X! M)
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-10
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Coefficient  Std. error t-statistic p-value

Intercept 7.0325 0.4578 15.36 < 0.0001
TV 0.0475 0.0027 17.67 < 0.0001

TABLE 3.1. For the Advertising data, coefficients of the least squares model
for the regression of number of units sold on T'V advertising budget. An increase
of $1,000 in the TV advertising budget is associated with an increase in sales by
around 50 units (Recall that the sales wariable is in thousands of units, and the

TV wvariable is in thousands of dollars).

2021.03 03 Linear Regression 9



8| AFHYLS AoiLt Heiop

H(unbiased)T ™ &

E(8o) = o E(r) = B

T2 Xl(standard error):

SE(f,) = aJl +

« =7t 7V8: Var(e) = o?

= SE(R) =

Z? 1 (xi— —X)?

\/Zl 1(xl —X)>
Cov(e;, Ej) = 0(i #j)



Remarks:

cx;(i=12,..,n)7F §A HAH UA=TF EELXII =0HF
. 629| =H: 5 =RSE= [ : ZXHEF 2 XH(residual standard

n—2
error) |
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Quantity Value

Residual standard error | 3.26

R? 0.612
F-statistic 312.1

TABLE 3.2. For the Advertising data, more information about the least squares
model for the regression of number of units sold on TV advertising budget.
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2021.03

Simple regression of sales on radio

Coefficient  Std. error t-statistic p-value
Intercept 9.312 0.563 16.54 < 0.0001
radio 0.203 0.020 9.92 < 0.0001

Simple regression of sales on newspaper

Coefficient  Std. error t-statistic p-value
Intercept 12.351 0.621 19.88 < 0.0001
newspaper 0.055 0.017 3.30 0.00115

TABLE 3.3. More simple linear regression models for the Advertising data. Co-
efficients of the simple linear regression model for number of units sold on Top:
radio advertising budget and Bottom: newspaper advertising budget. A $1,000 in-
crease in spending on radio advertising is associated with an average increase in
sales by around 203 units, while the same increase in spending on newspaper ad-
vertising is associated with an average increase in sales by around 55 units (Note
that the sales wariable is in thousands of units, and the radio and newspaper
variables are in thousands of dolla¥s))=" Reoression

22



Coefficient  Std. error t-statistic p-value
Intercept 2.939 0.3119 9.42 < 0.0001
TV 0.046 0.0014 32.81 < 0.0001
radio 0.189 0.0086 21.89 < 0.0001
newspaper —0.001 0.0059 —0.18 0.8599

TABLE 3.4. For the Advertising data, least squares coefficient estimates of the
multiple linear regression of number of units sold on radio, TV, and newspaper

advertising budgets.
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TV radio  newspaper sales
TV 1.0000 0.0548 0.0567 0.7822
radio 1.0000 0.3041 0.0762
newspaper 1.0000 0.2283
sales 1.0000

TABLE 3.5. Correlation matriz for TV, radio, newspaper, and sales for the
Advertising data.
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Quantity Value

Residual standard error | 1.69

R? 0.897
F-statistic 570

TABLE 3.6. More information about the least squares model for the regression
of number of units sold on TV, newspaper, and radio advertising budgets in the
Advertising data. Other information about this model was displayed in Table 3.4.
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ID Identification
Income Income in $10,000's
Limit Credit limit
Rating Credit rating
Cards Number of credit cards
Age Age In years
Education Number of years of education
Gender A factor with levels Male and Female
Student A factor with levels No and Yes
Married A factor with levels No and Yes
Ethnicity A factor with levels African American, Asian,
and Caucasian

Average credit card balance in $.
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Coefficient  Std. error t-statistic p-value

Intercept 509.80 33.13 15.389 < 0.0001
gender [Female] 19.73 46.05 0.429 0.6690

TABLE 3.7. Least squares coefficient estimates associated with the regression of
balance onto gender in the Credit data set. The linear model is given in (3.27).
That is, gender is encoded as a dummy variable, as in (3.26).
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Coefficient  Std. error t-statistic p-value
Intercept 531.00 46.32 11.464 < 0.0001
ethnicity[Asian] —18.69 65.02 —0.287 0.7740
ethnicity[Caucasian] —12.50 06.68 —0.221 0.8260

TABLE 3.8. Least squares coefficient estimates associated with the regression
of balance onto ethnicity in the Credit data set. The linear model is given in
(3.30). That is, ethnicity is encoded via two dummy variables (3.28) and (3.29).
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Coefficient Std. error t-statistic p-value
Intercept 6.7502 0.248 27.23 < 0.0001
TV 0.0191 0.002 12.70 < 0.0001
radio 0.0289 0.009 3.24 0.0014
TVXradio 0.0011 0.000 20.73 < 0.0001

TABLE 3.9. For the Advertising data, least squares coefficient estimates asso-
ctated with the regression of sales onto TV and radio, with an interaction term,

as in (3.33).
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Coefficient  Std. error t-statistic p-value
Intercept 56.9001 1.8004 31.6 < 0.0001
horsepower —0.4662 0.0311 —15.0 < 0.0001
horsepower 0.0012 0.0001 10.1 < 0.0001

TABLE 3.10. For the Auto data set, least squares coefficient estimates associated

with the regression of mpg onto horsepower and horsepower”.
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Coefficient Std. error t-statistic p-value

Intercept —173.411 43.828 —3.957 < 0.0001

Model 1 age —2.292 0.672 —3.407 0.0007
limit 0.173 0.005 34.496 < 0.0001

Intercept —377.937 45.254 —8.343 < 0.0001

Model 2 rating 2.202 0.952 2.312 0.0213
limit 0.025 0.064 0.384 0.7012

TABLE 3.11. The results for two multiple regression models involving the
Credit data set are shown. Model 1 is a regression of balance on age and 1imit,
and Model 2 a regression of balance on rating and limit. The standard error
of Bnmit increases 12-fold in the second regression, due to collinearity.

Model 20l A limite] EELAt= 02 2(Model 1L} 128l). KIEtM t-E AT 22 ZOHX| 1 p-ZH2 HE.
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Default(*f+ =0[) At =

e A data frame with 10000 observations on 4 variables

- default A factor with levels No and Yes indicating whether the
customer defaulted on their debt

e student A factor with levels No and Yes

* balance The average balance that the customer has
remaining on their credit card after making their monthly

payment
e income Income of customer
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E XA E 3[F 2 A (logistic regression)

. YE O|Z517| 2L yE 2 BFO| 8 B2 0S5 2R
2X 28 7t5
+p(X) = P(Y = 11X)% X5 O{ B A7 HOIT}

=1 ePotB1X
* EX| _I C)l:l_l_ p( ) ~ 1+eBotP1X € (0'1)

+ ;0] Y0121 x7} SIFEOY W2t p(x)7t S7H6HR, 4,0l
2018 xoF 57180l et px) ot 2o e
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- @ X(odds): £ )80 ePo+B1X € (0, 00)

« 2] QX(Iog odds) 22 E X (logit): log ((X) =By + [1X =
EX|AE 2| EH(logistic regression)

« XE ot Bt (one unit) 7t AIZ7|H 21 =+ p,TrE Bt
QRL b1 I:Iﬁ &l

elogit(X =x+1) —logitX =x) =By + L1(x+1) — Ly — B1x =
b1

, odds(X=x+1) _ eBo+B1(x+1)
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o Z|CH2 &= (maximum likelihood) & 2|
« & 2t (likelihood function):
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Coefficient Std. error Z-statistic  P-value
Intercept —10.6513 0.3612 —29.5 <0.0001
balance 0.0055 0.0002 24.9 <0.0001

TABLE 4.1. For the Default data, estimated coefficients of the logistic regres-
ston model that predicts the probability of default wusing balance. A one-unit

increase in balance 1s associated with an increase in the log odds of default by
0.0055 unaits.
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Coefficient Std. error Z-statistic  P-value
Intercept —3.5041 0.0707 —49.55 <0.0001
student [Yes] 0.4049 0.1150 D2 0.0004

TABLE 4.2. For the Default data, estimated coefficients of the logistic regres-
sion model that predicts the probability of default using student status. Student
status is encoded as a dummy variable, with a value of 1 for a student and a value
of 0 for a non-student, and represented by the variable student [Yes] in the table.

e

212X 0.40490055 7HE =0{Lt, xfF Fojlig @
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. . El SEA
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1-p(X)
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Coefficient Std. error Z-statistic  P-value

Intercept —10.8690 0.4923 —22.08 <0.0001
balance 0.0057 0.0002 24.74  <0.0001
income 0.0030 0.0082 0.37 0.7115
student [Yes] —0.6468 0.2362 —2.74 0.0062

TABLE 4.3. For the Default data, estimated coefficients of the logistic regres-
ston model that predicts the probability of default wsing balance, income, and
student status. Student status is encoded as a dummy variable student[Yes],
with a value of 1 for a student and a value of O for a non-student. In fitting this
model, income was measured in thousands of dollars.

Table 420X = x| F S0[AE =HE0| 40| =AX|T Table 4.30A = FHICH
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True default status
No Yes | Total
Predicted No 9,644 252 | 9,896

default status  Yes 23 81 104
Total | 9,667 333 | 10,000

TABLE 4.4. A confusion matrix compares the LDA predictions to the true de-
fault statuses for the 10,000 training observations in the Default data set. Ele-
ments on the diagonal of the matrixz represent individuals whose default statuses
were correctly predicted, while off-diagonal elements represent individuals that
were misclassified. LDA made incorrect predictions for 23 indiwiduals who did
not default and for 252 individuals who did default.
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Predicted class
— or Null + or Non-null | Total
True — or Null True Neg. (TN) | False Pos. (FP) N
class + or Non-null | False Neg. (FN) [ True Pos. (TP) P
Total N* p*

TABLE 4.6. Possible results when applying a classifier or diagnostic test to a
population.

£0{: Y27 (null), CHE 71 (non-null)
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Name Definition Synonyms

False Pos. rate FP/N | Type I error, 1—Specificity
True Pos. rate TP/P | 1—Type II error, power, sensitivity, recall
Pos. Pred. value TP/P* | Precision, 1—false discovery proportion

Neg. Pred. value TN/N*

TABLE 4.7. Important measures for classification and diagnostic testing,
derived from quantities in Table 4.6.

80: ¥ E(recall), L & (precision), A= (power)
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True default status
No  Yes | Total
Predicted No |9,432 138 | 9,570

default status  Yes 235 195 430
Total | 9,667 333 | 10,000

TABLE 4.5. A confusion matrixz compares the LDA predictions to the true de-
fault statuses for the 10,000 training observations in the Default data set, using

a modified threshold value that predicts default for any individuals whose posterior
default probability exceeds 20 %.
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ROC(receiver operating curve)2}

AUC(area under curve)
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FIGURE 4.10. Boxplots of the test error rates for each of the linear scenarios

described in the main text.
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FIGURE 5.1. A schematic display of the validation set approach. A set of n
observations are randomly split into a training set (shown in blue, containing
observations 7, 22, and 13, among others) and a validation set (shown in beige,
and containing observation 91, among others). The statistical learning method is
fit on the training set, and its performance is evaluated on the validation set.
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FIGURE 5.2. The validation set approach was used on the Auto data set in
order to estimate the test error that results from predicting mpg using polynomial
functions of horsepower. Left: Validation error estimates for a single split into
training and validation data sets. Right: The validation method was repeated ten
times, each time using a different random split of the observations into a training
set and a validation set. This illustrates the variability in the estimated test MSE
that results from this approach.
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and a validation set that contains only that observation (shown in beige). The test
error is then estimated by averaging the n resulting MSE’s. The first training set
contains all but observation 1, the second training set contains all but observation
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blue). The test error is estimated by averaging the five resulting MSE estimates.
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FIGURE 5.7. Logistic regression fits on the two-dimensional classification data
displayed in Figure 2.13. The Bayes decision boundary is represented using a
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and quartic (degrees 1-4) logistic regressions are displayed in black. The test error
rates for the four logistic regression fits are respectively 0.201, 0.197, 0.160, and
0.162, while the Bayes error rate is 0.133.
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# Variables | Best subset Forward stepwise

One rating rating

Two rating, income rating, income

Three rating, income, student rating, income, student

Four cards, income, rating, income,
student, 1limit student, limit

TABLE 6.1. The first four selected models for best subset selection and forward

stepwise selection on the Credit data set. The first three models are identical but
the fourth models differ.
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FIGURE 6.2. C,, BIC, and adjusted R* are shown for the best models of each
size for the Credit data set (the lower frontier in Figure 6.1). Cp and BIC are
estimates of test MSE. In the middle plot we see that the BIC estimate of test
error shows an increase after four vartables are selected. The other two plots are
rather flat after four variables are included.
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FIGURE 6.3. For the Credit data set, three quantities are displayed for the
best model containing d predictors, for d ranging from 1 to 11. The overall best
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root of BIC. Center: Validation set errors. Right: Cross-validation errors.
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