
Analyzing Survival Data with Competing Risks 
Using R
Jinheum Kim
Univ Suwon
2022.3.23



OUTLINE

경쟁위험자료란?

누적발생함수의추정

비례위험모형

좌절단자료

시간변동공변량자료
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다변량생존자료의분류

자료유형
순서여부

Yes No

동일한유형 재발사건자료 군집자료

다른유형 준경쟁위험자료 경쟁위험자료
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Melanoma data

 Data on patients after operation for malignant melanoma 
collected at Odense University Hospital 

 cause: 0: alive, 1: dead from melanoma, 2: dead from other cause

 time: survival time

 ulcer: ulceration (0: absent, 1: present) 

 thickness: tumour thickness (mm)

 sex: 0: female, 1: male

 age
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available at library(MASS)



Hospital acquired pneumonia (HAP) 
in ICU data

 Assess the impact of HAP on ICU mortality
 id
 start: start of the observation time
 stop: failure time
 status: censoring status
 event: event type (2: death in ICU, 3: discharge alive)
 pneu: nosocomial pneumonia indicator (time-varying)
 adm.cens.exit: administrative censoring times
 age
 sex
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available at library(kmi)



Multi-state model

 𝐾 ≥ 2 개의상태를가진모형

 생존자료모형: 두가지상태(0: alive, 1: dead)를가진모형

 1: absorbing (흡수) state 

 Illness-death model: 3 states (0: health, 1: illness, 2: death)
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recovery
allowed



Competing risks model

 absorbing state가여러개인multi-state model

 한사건의발생은다른사건의발생을중도절단시킴

 Remarks

 어떤사건의발생이다른사건의발생을중도절단시키지만,그
역은성립하지않는경쟁위험을준경쟁위험 (semi-competing 
risks) 이라고함
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Cause-specific hazard (CSH) 

 𝑇 = min(𝑇1, 𝑇2), 𝑒 ∈ {1,2}

 𝑇𝑘: 𝑘 −번째원인에의한사건발생시간

 𝜆𝑘 𝑡 = lim
Δ𝑡↓0

𝑃(𝑡≤𝑇<𝑡+Δ𝑡, 𝑒=𝑘|𝑇≥𝑡)

Δ𝑡
, 𝑘 = 1, 2: CSH

 𝜆 𝑡 = σ𝑘=1
2 𝜆𝑘 𝑡 = lim

Δ𝑡↓0

𝑃(𝑡≤𝑇<𝑡+Δ𝑡|𝑇≥𝑡)

ℎ
: overall hazard

 Λ𝑘 𝑡 = 0
𝑡
𝜆𝑘 𝑠 𝑑𝑠: cumulative CSH (CCSH)
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Cumulative incidence function (CIF)

 𝐹𝑘 𝑡 = 𝑃 𝑇 ≤ 𝑡, 𝑒 = 𝑘 = 0
𝑡
𝑆 𝑠 − 𝜆𝑘 𝑠 𝑑𝑠: CIF.  𝑡이내에

𝑘 −번째원인에의해사건이발생할확률

 𝑆 𝑡 = 𝑃 𝑇 > 𝑡 = exp 0−
𝑡
𝜆 𝑠 𝑑𝑠 : overall survival function
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CIF

 Remarks

 𝜆𝑘 𝑡 =
𝐹𝑘
′ 𝑡

𝑆 𝑡
⇒ 𝐹𝑘

′ 𝑡 = 𝑆 𝑡 𝜆𝑘(𝑡)

 𝐹1 𝑡 + 𝐹2 𝑡 = 1 − 𝑆 𝑡 , ∀𝑡

 𝐹𝑘 ∞ = 𝑃 𝑒 = 𝑘 < 1이므로 𝐹𝑘를 “subdistribution
function”이라고함
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refer to #8



Observed data

 𝑥1, 𝑒1𝛿1 , … , (𝑥𝑛, 𝑒𝑛𝛿𝑛)

 𝑥𝑖 = min 𝑡𝑖 , 𝑐𝑖 , 𝛿𝑖 = 𝐼 (𝑡𝑖 ≤ 𝑐𝑖), 𝑒𝑖 ∈ 1,2

 𝑐𝑖: 중도절단시간 (only known under administrative censoring)

 𝑡(1) < ⋯ < 𝑡(𝑟): unique ordered uncensored times

 𝑑𝑖𝑘: # of patients failing from cause 𝑘 at 𝑡(𝑖)

 𝑑𝑖 = σ𝑘=1
2 𝑑𝑖𝑘 : total # of patients failing from any cause at 

𝑡(𝑖)
 𝑛𝑖: # of patients at risk at 𝑡(𝑖)
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Nelson-Aalen (NA) estimator

 መ𝜆𝑘 𝑡(𝑖) =
𝑑𝑖𝑘

𝑛𝑖
: estimated CSH

 Λ𝑘 𝑡 = σ𝑡(𝑖)≤𝑡
መ𝜆𝑘 𝑡(𝑖) : NA estimator
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Aalen-Johansen (AJ) estimator

 𝐹𝑘 𝑡 = σ𝑚:𝑡(𝑚)≤𝑡
መ𝑆 𝑡(𝑚) −

𝑑𝑚𝑘

𝑛𝑚
: estimated CIF

 መ𝑆 𝑡(𝑚) − = σ𝑙:𝑡(𝑙)<𝑡(𝑚)
1 −

𝑑𝑙

𝑛𝑙
: PL estimator of the 

probability of being free of any event just prior to 𝑡(𝑚)
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Remarks on CIF estimation

 만약 competing risks를중도절단으로간주한다면 𝐹1 𝑡 를
과대추정함

 𝑆1 𝑡 = exp 0−
𝑡
𝜆1 𝑠 𝑑𝑠 : probability of being free from cause 1

just prior to 𝑡

 𝑆1 𝑡 = exp 0−
𝑡
𝜆1 𝑠 𝑑𝑠 ≥ exp 0−

𝑡
𝜆1 𝑠 + 𝜆2 𝑠 𝑑𝑠 = 𝑆(𝑡)

⇒ 0
𝑡
𝑆1 𝑠 − 𝜆1 𝑠 𝑑𝑠 ≥ 0

𝑡
𝑆 𝑠 − 𝜆1 𝑠 𝑑𝑠 = 𝐹1 𝑡
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Melanoma data

 피부암환자 256명을대상으로사망원인을조사: 

 중도절단: 134 (0), 피부암: 57 (1), 다른원인:  14 (2)
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Using R

 For NA: survfit{survival}, mvna{mvna}, …

 For AJ: survfit{survival}, cuminc{cmprsk}, etmCIF{etm}, 
Cuminc{mstate}, …
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Estimated CCSH & CIF
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파선은경쟁위험을
중도절단으로간주했을때: 
과대추정



Subdistribution hazard (SDH)

 𝜆𝑘
∗ 𝑡 ≡ − log 1 − 𝐹𝑘 𝑡

′
=

𝐹𝑘
′(𝑡)

1−𝐹𝑘(𝑡)
: SDH. 𝑘 −번째

subdistribution function에대응하는위험함수로정의

 Remarks

 𝜆𝑘
∗ 𝑡 = lim

Δ𝑡↓0

𝑃 𝑡≤𝑇𝑘<𝑡+Δ𝑡|𝑇≥𝑡 ∪ (𝑇≤𝑡,𝑒≠𝑘)

Δ𝑡
: SDH의다른정의

 아직사건이발생하지않은환자뿐만아니라이미경쟁위험으로
사망한환자도위험집합에포함됨
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refer to #10
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Subdistribution hazard (SDH)

 Λ𝑘
∗ 𝑡 = 0

𝑡
𝜆𝑘
∗ 𝑠 𝑑𝑠 : cumulative SDH (CSDH)

 𝐹𝑘 𝑡 = 1 − exp 0−
𝑡
𝜆𝑘
∗ 𝑠 𝑑𝑠 : CIF의다른표현

 Remarks

 𝑃 𝑒 = 𝑘 = 𝐹𝑘 ∞ = 1 − exp −Λ𝑘
∗ ∞

 𝑃 𝑒 = 1 + 𝑃 𝑒 = 2 = 1 ⇔ exp −Λ1
∗ ∞ + exp −Λ2

∗ ∞ = 1

 SDHs cannot be independently modeled!
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CSH와 SDH의관계

 𝜆1 𝑡 = 1+
𝐹2 𝑡

𝑆(𝑡)
𝜆1
∗ 𝑡

 1 − 𝐹1 𝑡 = 1 − 𝑃 𝑇 ≤ 𝑡, 𝑒 = 1 = 𝑃 𝑇 > 𝑡 + 𝑃 𝑇 ≤ 𝑡, 𝑒 = 2

= 𝑆 𝑡 + 𝐹2 𝑡

 SDH는 CSH보다weighted down 되고, 가중값은시간에
따라변하고 competing events에도의존함
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Estimation: SDH & CIF

 𝑛𝑖
∗: estimated # at risk at 𝑡(𝑖) ⇒ 𝑛𝑖 ≤ 𝑛𝑖

∗

 መ𝜆𝑘
∗ 𝑡(𝑖) =

𝑑𝑖𝑘

𝑛𝑖
∗ : estimated SDH

 𝐹𝑘 𝑡 = 1 −ς𝑖:𝑡(𝑖)≤𝑡
1 − መ𝜆𝑘

∗ (𝑡 𝑖 ) : estimated CIF (PL-form)
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Contribution of individual 𝑙 to 𝑛𝑖
∗

 still at risk at 𝑡 𝑖 : 1

 competing event observed at 𝑡 𝑙 before 𝑡 𝑖 : 

𝑃 𝐶 ≥ 𝑡 𝑖 |𝐶 ≥ 𝑡(𝑙)
 Γ 𝑡 = 𝑃(𝐶 > 𝑡): censoring time distribution

 Γ(𝑡): Kaplan-Meier estimate of Γ(𝑡) by reversing the role of 𝑇 and 𝐶

 estimated as 
Γ 𝑡 𝑖 −

Γ 𝑡 𝑙 −
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Using R

 For SDH: survfit{survival} along with crprep{mstate} 
counting process format
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Estimated weights
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pid=114환자의사망이후피부암으로사망한시점:



위험집합비교: 𝑛 vs. 𝑛∗
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CCSH vs. CSDH
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CIF 비교: AJ vs. FG
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Proportional CSH models

 𝑥1, 𝑒1𝛿1, 𝑧1 , … , (𝑥𝑛, 𝑒𝑛𝛿𝑛, 𝑧𝑛) : observed data

 𝑧𝑖: a vector of 𝑝 covariates (risk factors)

 eg: sex , treatment, age, tumour size, stage of cancer, blood 
measures, … (fixed)

 Proportional CSH model: 
𝜆𝑘 𝑡 𝑧𝑖 = 𝜆0𝑘 𝑡 exp 𝛽𝑘

′ 𝑧𝑖 , 𝑘 = 1,2
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CSH approach

 Use the partial likelihood principle

 𝐿 𝛽1, 𝛽2 = ς𝑘=1
2 𝐿𝑘 𝛽𝑘 ,

𝐿𝑘 𝛽𝑘 =ෑ
𝑖=1

𝑛 exp 𝛽𝑘
′ 𝑧𝑖

σ𝑗=1
𝑛 𝐼 𝑥𝑗 ≥ 𝑥𝑖 exp 𝛽𝑘

′ 𝑧𝑗

𝐼 𝛿𝑖𝑒𝑖=𝑘

 NPMLE: መ𝛽𝑘 as the solution of 
𝜕

𝜕𝛽𝑘
log 𝐿𝑘 𝛽𝑘 = 0
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Using R

 Use coxph{survival}

 or coxph{survival} along with msprep{mstate} stacked-long 
format
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CS model: two analyses
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CS model: one analysis
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SDH approach

 Modeling the CIF for failure from cause 1 conditional on the 
covariates, 𝐹 𝑡; 𝑧 = 𝑃(𝑇 ≤ 𝑡, 𝑒 = 1|𝑧) [Fine & Gray, 1999]

 Proportional SDH model: 𝜆1
∗ 𝑡 𝑧𝑖 = 𝜆01

∗ 𝑡 exp 𝛾1
′𝑧𝑖

 𝐿1 𝛾1 =

ς𝑖=1
𝑛 exp 𝛾1

′𝑧𝑖

σ𝑗=1
𝑛 𝐼 𝑥𝑗≥𝑥𝑖 +𝐼 𝑡𝑗<𝑥𝑖<𝑐𝑗,𝛿𝑗𝑒𝑗=2

Γ 𝑥𝑖−

Γ 𝑡𝑗−
exp 𝛾1

′𝑧𝑗

𝐼 𝛿𝑖𝑒𝑖=1
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1 under administrative 
censoring



Using R

 Use crr{cmprsk}

 or use coxph{survival} along with crprep{mstate}
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FG model: two analyses
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FG model: one analysis
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Left-truncated (late entry) data

 observed: 𝑥𝑖 , 𝑒𝑖𝛿𝑖 , 𝑧𝑖 → 𝑥𝑖 , 𝑒𝑖𝛿𝑖 , 𝑧𝑖 , 𝑙𝑖 , 𝑙𝑖: late entry

 For CSH: 𝐼 𝑥𝑖 ≥ 𝑡 → 𝐼(𝑥𝑖 ≥ 𝑡 > 𝑙𝑖)

 For SDH:

𝐼 𝑥𝑖 ≥ 𝑡 + 𝐼 𝑡𝑖 < 𝑡 < 𝑐𝑖 , 𝛿𝑖𝑒𝑖 = 2 ×
Γ(𝑡−)

Γ 𝑡𝑖 −
→

𝐼 𝑥𝑖 ≥ 𝑡 > 𝑙𝑖 + 𝐼 𝑙𝑖 ∨ 𝑡𝑖 < 𝑡 < 𝑐𝑖 , 𝛿𝑖𝑒𝑖 = 2 ×
Γ(𝑡−)

Γ 𝑡𝑖−
×

Φ 𝑡−

Φ 𝑡𝑖−

 Φ 𝑡 = 𝑃(𝐿𝑖 ≤ 𝑡): estimated by reversing time

2022.3.23 국민건강빅데이터연구소특강 37



Time-varying covariates

 For CSH: coxph{survival} along with tmerge{survival}
counting process format 

 For SDH: cox.kmi{kmi} with imputed data set [Ruan & Gray, 
2008]
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HAP in ICU data
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pneumonia
event type

total
censored death in the unit discharge alive

yes 5 21 82 108

no 16 126 1063 1205

total 21 147 1145 1313
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CSH
model

FG model 
via 
imputation

FG model 
with 
complete 
censoring
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THANK YOU!!!
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