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What is survival analysis? 

 Outcome variable: Time until an event occurs (𝑇) 
 

 Time origin 
 eg, birth date, occurrence of entry into a study or  

diagnosis of a disease 

 
 Time 

 eg, years, months, weeks or days 

 
 Event 

 eg, death, disease incidence, relapse from 
remission… 
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Censoring 

 Censoring: Don’t know survival time exactly 

 

 Why censoring may occur?  

 No event before the study ends 

 Lost to follow-up 

 Withdrawn from the study 
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A hypothetical example 
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Another types of censoring 

 Left censoring: 𝑇 ∈ (0, 𝑐), observed to fail 
prior to 𝑐  
 eg, Time to first use of marijuana 

 Q: When did you first use marijuana? 

 A: exact age, “I never used it.” or “I have used it but 
can not recall just when the first was.” 

 Double censoring 

 Interval censoring: 𝑇 ∈ (𝑎, 𝑏] 
 eg, Time to cosmetic deterioration of breast 

cancer patients 
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Censoring vs. Truncation 
 When occurs?  

 Only those individuals whose event time lies within a 
certain observational window 𝑌𝐿, 𝑌𝑅  are observed 

 In contrast to censoring where there is at least 
partial information on each subject 

 Left truncation 
 When 𝑌𝑅 = ∞ 
 eg, Life lengths of elderly residents of a retirement 

community 

 Right truncation 
 When 𝑌𝐿 = 0 
 eg, Waiting time from infection at transfusion to clinical 

onset of AIDS (sampled on June 30, 1986) 
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Survivor function 

 (definition) 𝑆 𝑡 = 𝑃 𝑇 > 𝑡  

 Probability that a person survives longer than 𝑡 

 

 (properties) 

 Non-increasing 

 𝑆 0 = 1 

 𝑆 ∞ = 0 

 Eventually nobody would survive 



Hazard function 

 (definition) 𝜆 𝑡 = lim
Δ𝑡→0

𝑃(𝑡≤𝑇<𝑡+Δ𝑡|𝑇≥𝑡)

Δ𝑡
   

 instantaneous potential per unit time for the 
event to occur, given that the individual has 
survived up to 𝑡 

 

 (properties) 

 Non-negative 

 No upper bound 

 



Product-limit (or  
Kaplan-Meier) estimator 

 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑘: distinct observed failure 
times 
 Conventionally 𝑡0 = 0, 𝑡𝑘+1 = ∞ 

 𝑑𝑗 𝑗 = 0, … , 𝑘 : # of individuals who fail at 𝑡𝑗 

 𝑚𝑗(𝑗 = 0, … , 𝑘): # of individuals censored at 
𝑡𝑗 , 𝑡𝑗+1  

 𝑛𝑗 = 𝑑𝑗 + 𝑚𝑗 + ⋯ + 𝑑𝑘 + 𝑚𝑘 : # of 
individuals at risk just prior to 𝑡𝑗 

 𝑆 𝑡 =  1 −
𝑑𝑗

𝑛𝑗
:𝑗|𝑡𝑗≤𝑡  PL estimator 



Remarks on PL estimator 

 Never reduce to zero if 𝑚𝑘 > 0 
 Not defined for 𝑡 >largest time recorded 

 (estimated asymptotic variance)  

 V 𝑆 𝑡 = 𝑆 𝑡 2  
𝑑𝑗

𝑛𝑗(𝑛𝑗−𝑑𝑗)
:𝑗|𝑡𝑗≤𝑡  Greenwood’s formula 

 Pointwise 95% confidence interval for 𝑆 𝑡   

 𝑆 𝑡 ± 1.96 × 𝑠𝑒 𝑆 𝑡  

 Linear and symmetric, but possibly lies out of (0,1) and low 
coverage rate with very small samples 

 Nelsen-Aalen estimator for cumulative hazard rate Λ 𝑡   

 Λ 𝑡 =  
𝑑𝑗

𝑛𝑗
𝑗|𝑡𝑗≤𝑡  



AML data 

 화학요법이 백혈병 환자들의 재발시간을 연장하는가? (Embury 등, 
WesternJMed, 1977) 

 R codes 
 Chemo=c(9,13,13,18,23,28,31,34,45,48,161) 
 Non.Chemo=c(5,5,8,8,12,16,23,27,30,33,43,45) 
 Time=c(Chemo,Non.Chemo) 
 C.Status=c(1,1,0,1,1,0,1,1,0,1,0) 
 Non.C.Status=c(1,1,1,1,1,0,1,1,1,1,1,1) 
 Status=c(C.Status,Non.C.Status) 
 Group=rep(c("Chemo","Non.Chemo"),c(length(Chemo),length(Non.Chemo

))) 
 aml=data.frame(Time=Time,Status=Status,Group=Group) 
 fit=survfit(Surv(Time,Status)~Group, data=subset(aml,Group=="Chemo")) 
 summary(fit) 
 plot(fit, xlab="Time(in weeks)", ylab="Estimated survival probability") 
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Bone marrow 
transplantation data 

 재발과 사망이 주요 관심사건인데 
intermediate event (platelet recovery, 
acute/chronic GvHD)을 경험할 수도 있음 

  골수이식 후 혈소판이 정상수준으로 회복
된 환자들의 생존시간에 관심 
 중간사건을 경험하지 못한 환자는 분석에서 제
외됨. 즉, 중간사건을 경험할 때까지 left-
truncated 됨 

 혈소판회복 때까지 시간이 delayed entry time이 
됨 



Channing house data 

 요양원에 거주하는 462명(남자: 97, 여자: 
365)의 노인을 대상으로 사망시간을 관측 

 요양원에 들어온 나이와 사망한 나이 또는 
요양원을 떠난 (right-censored) 나이를 포함 

 65세 이상 노인만이 요양원에 들어올 수 있
기 때문에 65세 이전에 사망한 노인들은 분
석에서 제외됨. 즉, left-truncated 됨  



Channing house data 

 library(KMsurv) 
 library(survival) 
 data(channing) 
 fit=survfit(Surv(ageentry,age,death)~gender, 

data=subset(channing,gender==2)) 
 plot(fit$time, fit$n.risk, xlab="Time(in months)", 

ylab="Risk set size", type="l") 
 fit2=survfit(Surv(ageentry,age,death)~gender, 

data=subset(channing,age>=816)) 
 plot(fit2, lty=1:2, xlab="Time(in months)", 

ylab="Estimated survival probability", xlim=c(804,1215)) 
 legend("topright",lty=1:2, c("Male","Female")) 
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Types of interval-censored 
data 

 Case I interval-censored data or current status data 
 𝑇 is only known to be larger or smaller than an observed monitoring 

time 𝐶 
 Either 𝐿 = 0 or 𝑅 = ∞ 
 Observed data: 𝐶𝑖 , 𝛿𝑖 = 𝐼 𝑇𝑖 ≤ 𝐶𝑖 , 𝑖 = 1, … , 𝑛  
 eg, Cross-sectional studies or tumourigenicity experiments 

 Case II interval-censored data 
 Include at least one interval (𝐿, 𝑅] with both 𝐿 and 𝑅 
 In experiments with two monitoring times, 𝑈 and 𝑉, with 𝑈 ≤ 𝑉, 

 𝑇 ≤ 𝑈, 𝑈 < 𝑇 ≤ 𝑉, or 𝑇 > 𝑉 

 Case 𝐾 interval-censored data 
 In longitudinal studies with periodic follow-up and 𝐾 monitoring 

times, 𝑀1, … , 𝑀𝐾 , the event is only observed between two 
consecutive inspecting times, 𝑀𝑙  and 𝑀𝑙+1, and the observed data 
reduced to (𝑀𝑙 , 𝑀𝑙+1 ] 



Notation 

 Observed data: ℱ = 𝑙𝑖 , 𝑟𝑖 , 𝑖 = 1, … , 𝑛  

 

 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑚 < 𝑡𝑚+1 = ∞: unique 
ordered elements of ℱ 

 

 Define 𝛼𝑖𝑗 = 𝐼 𝑡𝑗−1, 𝑡𝑗 ⊂ 𝑙𝑖 , 𝑟𝑖  and 

𝑝𝑗 = 𝑆 𝑡𝑗−1 − 𝑆 𝑡𝑗 , 𝑗 = 1, … , 𝑚 + 1 



Non-parametric MLE 

 Likelihood function for 𝒑 = 𝑝1, … , 𝑝𝑚+1
′ 

 𝐿 𝒑 =  𝑆 𝐿𝑖 − 𝑆 𝑅𝑖
𝑛
𝑖=1 =   𝛼𝑖𝑗𝑝𝑗

𝑚+1
𝑗=1

𝑛
𝑖=1  

 
 NPMLE, 𝑆 , of 𝑆 

 Maximize 𝐿(𝒑) under  𝑝𝑗
𝑚+1
𝑗=1 = 1 and 𝑝𝑗 ≥ 0 

 𝑆 : Right-continuous step function, i.e., 𝑆 𝑡 = 𝑆 𝑡𝑗−1 , 𝑡𝑗−1 ≤ 𝑡 < 𝑡𝑗 

 
 Remarks 

 Some elements of  𝒑 = 𝑝 1, … , 𝑝 𝑚+1
′ could be 0 and it could help 

to know these zero components before running a determination 
process 

 𝑝 𝑗  could be non-zero only if 𝑡𝑗−1 = 𝐿𝑖  for some 𝑖 and 𝑡𝑗 = 𝑅𝑘 for 
some  𝑘, for 𝑖, 𝑘 = 1, … , 𝑛 (Turnbull (JRSSB, 1976)'s approach) 



Illustrative example 

𝒊 𝑳𝒊 𝑹𝒊 

1 0 7 

2 0 8 

3 6 10 

4 7 16 

5 7 14 

6 17 ∞ 

7 37 ∞ 

8 45 ∞ 

9 46 ∞ 

10 46 ∞ 



Turnbull intervals 



Breast cosmesis data 

 Two treatments for breast cancer, radiation (Rad, 𝑛=46), and 
radiation with chemotherapy (RadChem, 𝑛=48) 

 Response: Time in months until breast retraction (Finkelstein & 
Wolfe, BCS, 1985) 

 Use R package interval: icfit function 
 icfit function calculates NPMLE by EM algorithm 
 download package Icens from bioconductor 

 R codes 
 > library(interval) 
 > data(bcos) 
 > fit=icfit(Surv(left,right,type="interval2")~treatment, data=bcos) 
 > summary(fit) 
 > plot(fit) 



Breast cosmesis data 
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Marijuana data 

 library(interval) 
 Age=10:19 
 Exact=c(4,12,19,24,20,13,3,1,0,4) 
 L.Exact=rep(Age,Exact) 
 R.Exact=rep(Age,Exact) 
 R.Censored=c(0,0,2,15,24,18,14,6,0,0) 
 L.R.Censored=rep(Age,R.Censored) 
 R.R.Censored=rep(Inf,sum(R.Censored)) 
 L.Censored=c(0,0,0,1,2,3,2,3,1,0) 
 L.L.Censored=rep(0,sum(L.Censored)) 
 R.L.Censored=rep(Age,L.Censored) 
 marijuana=data.frame(left=c(L.Exact,L.R.Censored,L.L.Censored),right=c(R.Exa

ct,R.R.Censored,R.L.Censored)) 
 fit=icfit(Surv(left,right,type="interval2")~1, data=,marijuana) 
 summary(fit) 
 plot(fit) 
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Comparison of survivor 
functions 

 Test whether or not the survivor functions for two or 
more groups are equivalent 

 𝐻𝑜: 𝑆1 t = ⋯ = 𝑆𝑔 𝑡 , ∀𝑡 > 0 

 𝑡1 < ⋯ < 𝑡𝐷: distinct survival times by pooling all the 
sample  from two groups (set 𝑔 = 2)  

 𝑑𝑖𝑗: observed # of failures at 𝑡𝑗 in group 𝑖, 𝑖 = 1,2; 𝑗 =
1, … , 𝐷 

 𝑑𝑗 =  𝑑𝑖𝑗
2
𝑖=1  

 𝑛𝑖𝑗: # of individuals at risk just prior to 𝑡𝑗 in group 𝑖 

 𝑛𝑗 =  𝑛𝑖𝑗
2
𝑖=1  



Comparison of survivor 
functions 

 Idea: Based on 

𝑍𝑖 =  𝑑𝑖𝑗 − 𝑑𝑗
𝑛𝑖𝑗

𝑛𝑗
=  𝑂𝑖𝑗 − 𝐸 𝑖𝑗

𝐷
𝑗=1

𝐷
𝑗=1  

 

 Log-rank statistic 

 𝑋2 =

 𝑂𝑖𝑗 − 𝐸 𝑖𝑗
𝐷
𝑗=1

2
 𝑑𝑗

𝑛𝑖𝑗

𝑛𝑗
1 −

𝑛𝑖𝑗

𝑛𝑗

𝑛𝑗−𝑑𝑗

𝑛𝑗−1
𝐷
𝑗=1 ∼ 𝜒2(1)  

under 𝐻0 

 If 𝑋2 > 𝜒𝛼
2 1 , reject a test for equality of the survivor  

        functions at level 𝛼 



Remarks for log-rank test 

 Choice of weight function: 𝑊 𝑡𝑗 , specially 𝑊 𝑡𝑗 = 1 for 
log-rank test 

 𝑊 𝑡𝑗 = 𝑆 𝑡𝑗
𝑝
(1 − 𝑆 𝑡𝑗

𝑞
: Fleming-Harrington (CommStat, 

1981) 
 𝑝 = 𝑞 = 0: log-rank test, 𝑝 = 1, 𝑞 = 0: Peto-Peto test  

 
 Extension to three or more groups 

 
 Stratification on a set of covariates 

 
 Trend test for ordered alternatives: plugging in any set of 

scores 
 



Illustration (revisited) 

 AML 자료에서 화학요법 지속그룹과 비지속
그룹의 재발시간분포가 동일한가? 

 Three types of test statistic 

 Log-rank=3.4 (p-value=0.0653) with 𝑊 𝑡𝑗 = 1 

 Peto-Prentice=2.8 (p-value=0.0955)  with 

𝑊 𝑡𝑗 = 𝑆 𝑡𝑗  

 Flaming-Harrington=4.2 (p-value=0.041)  with 

𝑊 𝑡𝑗 = 𝑆 𝑡𝑗
−1

 



Illustration (revisited) 

 R codes 
 library(survival) 
 fit=survfit(Surv(Time,Status)~Group, data=aml) 
 plot(fit, lty=1:2, xlab="Time(in weeks)", 

ylab="Estimated survival probability") 
 legend("topright",lty=1:2, c("Chemo","Non-

Chemo")) 
 lr.fit=survdiff(Surv(Time,Status)~Group, data=aml) 
 pp.fit=survdiff(Surv(Time,Status)~Group, data=aml, 

rho=1) 
 fh.fit=survdiff(Surv(Time,Status)~Group, data=aml, 

rho=-1) 
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Notation 

 𝑆  : NPMLE of 𝑆𝑖’s under 𝐻0: 𝑆1 = ⋯ = 𝑆𝑔 
 𝛿𝑖 = 0 if right-censored and otherwise, 1 

 𝜌𝑖𝑗 = 𝐼(𝛿𝑖 = 0, 𝐿𝑖 ≥ 𝑡𝑗), i.e., 𝜌𝑖𝑗 = 1 if 𝑇𝑖  is right-censored 
and subject 𝑖 is still at risk at 𝑡𝑖− 

 Define the estimates of the total observed failures and 
risk numbers, respectively, as  

 𝑑𝑗 =  𝛿𝑖

𝛼𝑖𝑗 𝑆 𝑡𝑗
− −𝑆 (𝑡𝑗)

 𝛼𝑖𝑙 𝑆 𝑡𝑙
− −𝑆 (𝑡𝑙)

𝑚+1
𝑙=1

𝑛
𝑖=1 , 𝑗 = 1, … , 𝑚 

 𝑛𝑗 =  𝛿𝑖

 𝛼𝑖𝑟 𝑆 𝑡𝑟
− −𝑆 (𝑡𝑟)𝑚+1

𝑟=𝑗

 𝛼𝑖𝑙 𝑆 𝑡𝑙
− −𝑆 (𝑡𝑙)

𝑚+1
𝑙=1

𝑛
𝑖=1 +  𝜌𝑖𝑗 , 𝑗 = 1, … , 𝑚𝑛

𝑖=1  

 Similarly, define 𝑑𝑗𝑘  and 𝑛𝑗𝑘  from subjects in group 
𝑘, 𝑘 = 1,2 



Weighted log-rank tests 

 Define 𝑈1 =  𝑑𝑗1 − 𝑑𝑗
𝑛𝑗1

𝑛𝑗

𝑚
𝑗=1  

 Estimation of the variance of 𝑈1 : employ 
resampling methods such as multiple 
imputation, bootstrap, and permutation 
procedures 

 Remark 
  With 𝑊 𝑡 = 1, 

𝑈1 =  𝑊(𝑡)
∞

0

𝑌1 𝑡 𝑌2(𝑡)

𝑌1(𝑡)+𝑌2 𝑡
𝑑Λ 1 𝑡 − 𝑑Λ 2 𝑡  

 𝑌𝑘 𝑡 =  𝑛𝑗𝑘𝑗|𝑡𝑗≤𝑡  and Λ 𝑘 𝑡 =  
𝑑𝑗𝑘

𝑛𝑗𝑘
𝑗|𝑡𝑗≤𝑡  



Illustration (revisited) 

 유방암  자료에서 두 가지 치료방법(Rad , 
RadChem)에 띠라 유방 함몰 시점까지의 분
포가 동일한가? 

 Three types of test statistic 
 Log-rank=-2.67 (p-value=0.008) with 𝑊(𝑡𝑗) = 1 

 Finkelstein(BCS, 1986)=-2.69 (p-value=0.007)  
with 𝑊 𝑡𝑗 ≈ 1 

 Wilcoxon-Mann-Whitney=-2.16 (p-value=0.03)  
with 𝑊 𝑡𝑗 = 𝑆 𝑡𝑗

−  



Illustration (revisited) 

 R codes 

 library(interval) 

 data(bcos) 

 lr.fit=ictest(Surv(left,right,type="interval2")~tre
atment, data=bcos) 

 f.fit=ictest(Surv(left,right,type="interval2")~trea
tment, data=bcos, score="logrank2") 

 wmw.fit=ictest(Surv(left,right,type="interval2")
~treatment, data=bcos, score="wmw“) 



Illustration (revisited) 



회귀모형 

콕스비례위험모형 

구간중도절된 자료의 콕스비례위험모형 



Cox proportional hazards 
model 

 Why regression models need?  
 To predict covariates(or explanatory variables, risk factors) for time to event 

 

 Data: 𝑡𝑗 , 𝛿𝑗 , 𝑧𝑗 ; 𝑡𝑗 = min 𝑥𝑗 , 𝑐𝑗 , 𝛿𝑗 = 𝐼 𝑡𝑗 = 𝑥𝑗 , 𝑗 = 1, … , 𝑛  
 

 Cox model: 𝜆 𝑡 𝑧 = 𝜆0 𝑡 exp 𝛽′𝑧  
 Hazard rate at 𝑡 for an individual with risk vector 𝑧 

 
 A sort of semiparametric model 

 parametrically for the covariate effect + nonparametrically for baseline 
hazard function 

 
 Why PH is called? 

 RR(or HR)=
𝜆(𝑡|𝑧)

𝜆 𝑡 𝑧∗ = exp  𝛽𝑘(𝑧𝑘  − 𝑧𝑘
∗)𝑘  is constant against 𝑡 



Partial likelihood 

 𝑡1 < ⋯ < 𝑡𝐷: ordered event times 

 𝑧 𝑖 𝑘: 𝑘th covariate associated with the 

individual whose failure time is 𝑡𝑖  

 𝑅 𝑡𝑖 : set of individuals who are still under 
study at a time prior to 𝑡𝑖  

 Partial likelihood: 

𝐿 𝛽 =  
exp  𝛽𝑘𝑧 𝑖 𝑘𝑘

 exp  𝛽𝑘𝑧𝑗𝑘𝑘𝑗∈𝑅(𝑡𝑖)

𝐷
𝑖=1  



BMT data (revisted)  

 Data on 137 bone marrow transplant patients 
 

 Risk factors: patient and donor age, sex, and CMV status, 
waiting time from diagnosis to transplantation, FAB, MTX 

 

 Three groups: AML low risk(54), AML high risk(45), ALL(38) 
  

 Survival times 
 𝑇1: time(in days) to death or end of study  
 𝑇2: disease-free survival time(time to relapse, death or end of 

study)   
 𝑇𝐴: time to acute GvHD 
 𝑇𝐶: time to chronic GvHD 
 𝑇𝑃: time to return of platelets to normal levels 



Simplified recovery process 
from BMT data  



Fixed risk factors 

 𝑧1=1 if AML low-risk, 𝑧2=1 if AML high-risk 
 𝑧3=waiting time 
 𝑧4=FAB(binary) 
 𝑧5=MTX(binary) 
 𝑧6=1 if donor: male; 𝑧7=1 if patient: male; 𝑧8 = 𝑧6 ×

𝑧7=1 if donor & patient: male  
 𝑧9=1 if donor: CMV positive; 𝑧10=1 if patient: CMV 

positive; 𝑧11 = 𝑧9 × 𝑧10=1 if donor & patient: CMV 
positive 

 𝑧12=donor age-28; 𝑧13=patient age-28; 𝑧14 = 𝑧12 ×
𝑧13 



BMT data 



Local tests 

 𝐻0: 𝛽1 = 𝛽10, 𝛽 = (𝛽10, 𝛽20) 
 Wald test: 𝑋𝑊

2 = 𝑏1 − 𝛽10
′ 𝐼11 𝑏 −1 𝑏1 − 𝛽10 ∼

𝜒2(𝑞) 
  Likelihood ratio test: 

𝑋𝐿𝑅
2 = 2 𝐿𝐿 𝑏 − 𝐿𝐿 𝛽10, 𝑏2 𝛽10 ∼ 𝜒2(𝑞) 

 Score test: 
𝑋𝑆𝐶

2 =
𝑈1 𝛽10, 𝑏2 𝛽10

′𝐼11 𝛽10, 𝑏2 𝛽10 𝑈1 𝛽10, 𝑏2 𝛽10 ∼
𝜒2(𝑞) 

 공변량 𝑧1, 𝑧2를 포함하여 유의한 공변량을 전
진선택법으로 선택하면, 𝑧4→(𝑧12, 𝑧13, 𝑧14) 순으
로 선택됨 

 



Tentative model (fixed only) 

 R codes 
 library(survival) 
 bmt=read.csv(file="bmt.csv",header=T) 

 
 fit.fab=coxph(Surv(TDF,DFI)~factor(DG)+FAB, data=bmt) 

# Cox model after adjusting for the risk groups 
 df=1 
 pos=3 
 coef=fit.fab$coefficients[pos] 
 var=fit.fab$var[pos,pos] 
 wald=t(coef)%*%solve(var)%*%coef 
 fab.pvalue=pchisq(wald,df,lower.tail=FALSE) 



Tentative model (fixed only) 

 bmt$p28=bmt$PAGE-28 
 bmt$d28=bmt$DAGE-28 
 fit.age=coxph(Surv(TDF,DFI)~factor(DG)+FAB+p28+

d28+p28*d28, data=bmt) # Cox model after 
adjusting for the risk groups and FAB 

 df=3 
 pos=4:6 
 coef=fit.age$coefficients[pos] 
 var=fit.age$var[pos,pos] 
 wald=t(coef)%*%solve(var)%*%coef 
 age.pvalue=pchisq(wald,df,lower.tail=FALSE) 

 



Tentative model (fixed only) 



Other regression models 

 Additive hazards model: 𝜆 𝑡 𝑧 = 𝜆0 𝑡 + 𝛽′𝑧 

 

 Accelerated failure time model: log 𝑇𝑖 = 𝛽′𝑧 + 𝜖 

 Focus on direct relationship between 𝑧 and time to 
event 

 Effect of covariates is multiplicative on 𝑡 rather than 
on hazard function 

 Parametric, but providing a good fit if correctly 
chosen 



Refinements of Cox model 

 Stratification 

 When the PH assumption is violated for some 
covariate 

 𝜆𝑗 𝑡 𝑧 = 𝜆0𝑗 𝑡 exp 𝛽′𝑧 , 𝑗 = 1, … , 𝑠 

 

 Time-dependent covariates 

 eg, BP, cholesterol, size of the tumor, … 

 𝜆 𝑡 𝑧 𝑡 = 𝜆0 𝑡 exp 𝛽′𝑧(𝑡)  



BMT data (revisited) 

 Platelet recovery를 time-varying 공변량으로 
간주한다면, 

 eg, id=1, TDF=2081, DFI=0, TP=13, PI=1: 

 (start,end)=(0,13), p.status=0 

 (start,end)=(13,2081), p.status=1 

 공변량 𝑧1, 𝑧2를 포함하여 유의한 time-
varying 공변량을 전진선택법으로 선택하면, 
acute GvHD, chronic GvHD, platelet recovery 
중에서 platelet recovery 만 선택됨 



Making time-varying covariates 



Cox PH model (time-varying ) 



Tests of PH assumption 

 Use of time-dependent covariate methodology 
 To test the proportionality assumption for a fixed-time 

covariate, 𝑧1, create a time-dependent covariate, 
𝑧2 𝑡 = 𝑧1 × 𝑔(𝑡) 

 In many applications, take 𝑔 𝑡 = ln 𝑡 
 PH model: 𝜆 𝑡 𝑧1 = 𝜆0 𝑡 exp 𝛽1𝑧1 + 𝛽2𝑧2(𝑡)  

 HR=
𝜆(𝑡|𝑧1)

𝜆(𝑡|𝑧1
∗)

= exp 𝛽1 𝑧1 − 𝑧1
∗ + 𝛽2𝑔(𝑡)(𝑧1 − 𝑧1

∗) : 

depend on 𝑡 if 𝛽2 ≠ 0 
 Test of 𝐻0: 𝛽2 = 0 is equivalent to test for the 

proportional hazards assumption 
 Power of detecting non-proportionality: depend on the 

choice of 𝑔(𝑡) 



BMT data (revisited) 

 공변량들 중에서 MTX만 PH 가정을 만족 못하여 MTX에 대
해서는 층화 



Final model (fixed only) 



회귀모형 

콕스비례위험모형 

구간중도절된 자료의 콕스비례위험모형 



Cox model with IC data 

 Data: 𝑙𝑖 , 𝑟𝑖], 𝑧𝑖 ; 𝑖 = 1, … , 𝑛  

 

 Cox model: 𝜆 𝑡 𝑧 = 𝜆0 𝑡 exp 𝛽′𝑧  

 

 Unlike right-censored data, estimating 𝛽  
under interval censoring involve estimation 
of both  𝛽 and the cumulative baseline 

hazard function, Λ0 𝑡 =  𝜆0 𝑠 𝑑𝑠
𝑡

0
 



ML approach 

 Likelihood function: 𝐿 =  𝑆 𝑙𝑖 𝑧𝑖 − 𝑆(𝑟𝑖|𝑧𝑖)
𝑛
𝑖=1  

 𝑆 𝑡 𝑧 = 𝑆0 𝑡 exp 𝛽′𝑧 : Survival function for a subject 
with covariates 𝑧 

 Log-likelihood: Assuming that 𝑙𝑖 < 𝑟𝑖 , ∀𝑖, 

 𝑙 𝛽, S0 =  log 𝑆0 𝑙𝑖
exp 𝛽′𝑧 − 𝑆0 𝑟𝑖

exp 𝛽′𝑧𝑛
𝑖=1  

 𝑆0: baseline survival function, 𝑆0 𝑡 = exp −Λ0(𝑡)  

 Focus on estimation of 𝑆0 at the different 
observation time points, i.e., 0 = 𝑡0 < 𝑡1 < ⋯ <
𝑡𝑚 < 𝑡𝑚+1 = ∞, of the form, 

 𝑆0 𝑡 =  exp 𝑒𝛼𝑗 = exp  𝑒𝛼𝑗
𝑗|𝑡𝑗≤𝑡𝑗|𝑡𝑗≤𝑡  

 𝛼 = 𝛼1, … , 𝛼𝑚 : unknown parameters 



ML approach 

 𝑙(𝛽, 𝑆0) can be rewritten as 

 𝑙 𝛽, 𝛼 =
 log  𝛼𝑖𝑗 exp − 𝑎𝑗−1exp 𝛽′𝑧 − exp − 𝑎𝑗exp 𝛽′𝑧𝑚+1

𝑗=1
𝑛
𝑖=1  

 𝑎𝑗 =  𝑒𝛼𝑘
𝑗
𝑘=1  

 
 Use the Newton-Raphson algorithm to determine the 

MLE of  𝛽 and 𝛼 (Finkelstein, BCS, 1986) 
 

 Asymptotic properties (Huang & Wellner, 1997) 
 𝑆 0: strongly consistent 

 𝛽 : asymptotically normal with the usual √𝑛-convergence rate 
and efficient 



Breast cosmesis data (revisited) 

 intcox package을 사용할 수 있지만 모수 추정만 
제공되고 se는 제공 안됨 

 permutation test를 이용 

 붓스트랩 방법 이용 

 



다변량 생존자료분석 

군집생존자료분석 

재발사건자료분석 

다상태모형 

경쟁위험모형 



다변량 생존자료의 분류 

자료유형 

순서 존재 여부  

Yes No 

동일한 유형 
재발사건자료  

(recurrent event data) 
군집생존자료 

(clustered survival data) 

다른 유형 
다상태모형 

(multi-state  model) 
경쟁위험모형 

(competing risks model) 



다변량 생존자료분석 

군집생존자료분석 

재발사건자료분석 

다상태모형 

경쟁위험모형 



두 가지 예 

 당뇨병성 환자의 시력 손실 자료 

 시력 손실을 지연시키기 위한 방법인 laser 
photocoagulation의 효과를 조사 

 한쪽 눈에는 레이저 치료를 하고, 다른 한쪽 눈
에는 하지 않음 

 발암물질로 인한 쥐의 생존시간 자료 

 같은 어미에서 태어난 세 마리 새끼를 군집으로 
잡고, 그들 중에서 한 마리만 발암물질에 노출
시킴 



두 가지 예 



Conditional vs. Marginal  

 Data: 
𝑡𝑖𝑘 = min(𝑥𝑖𝑘 , 𝑐𝑖𝑘) , 𝛿𝑖𝑘 = 𝐼(𝑡𝑖𝑘 = 𝑥𝑖𝑘), 𝑧𝑖𝑘 ; 𝑖 = 1, … , 𝑔, 𝑘 = 1, … , 𝑛𝑖   

 
 Conditional method 

 𝜆𝑖𝑘 𝑡 𝑧𝑖𝑘 , 𝑎𝑖 = 𝜆0𝑖 𝑡 exp(𝛽′𝑧𝑖𝑘) 
 𝜆0𝑖: 𝑖번째 군집의효과 
 𝑧𝑖𝑘가 유일한 binary covariate라면 조건부 방법은 같은 군집 내에 속한 두 그룹을 비
교하는 것과 같음. 즉, exp (𝛽)는 같은 군집애 속한 두 그룹 간의 사건발생 위험률의 
비를 나타냄  

 군집효과의 추정은,  랜덤효과모형을 이용.즉, 𝜆0𝑖 𝑡 =
𝜆0 𝑡 exp 𝑎𝑖 , 𝑎𝑖 ∼Gamma with mean 1 and variance 𝜃,  

 
 Marginal method 

 𝜆𝑖𝑘 𝑡 𝑧𝑖𝑘 = 𝜆0 𝑡 exp(𝛽′𝑧𝑖𝑘) 
 군집 내 관측값들이 서로 독립이라고 가정 

 일치추정량이 되며 (Lin & Wei, JASA, 1989), model misspecificarion은 극복
하기 위해 sandwich  분산 추정량을 사용  

 



Diabetic retinopathy data 
(revisited)  



Diabetic retinopathy data ` 



Rats data (revisited)  



다변량 생존자료분석 

군집생존자료분석 

재발사건자료분석 

다상태모형 

경쟁위험모형 



Bladder data 
 방광암을 앓고 있는 환자에 대해,  thiothepa 치료의 종양 재발에 미치
는 효과를 조사 

 병원을 방문할 때마다 새로운 종양의 발병여부를 조사하고 제거 

 환자마다 재발시점과 재발횟수가 같지 않음 



Bladder data 



Intensity function vs. 
Cumulative mean function 

 개체 내 재발사건을 동일한 사건으로 간주 

 𝑡𝑖1 < ⋯ < 𝑡𝑖𝑚𝑖
(𝑖 = 1, … , 𝑛): 𝑖번째 개체의 재발 사건 시점  

 𝑁𝑖 𝑡 =  𝐼(𝑡𝑖𝑗 ≤ 𝑡)
𝑚𝑖
𝑗=1 : 𝑖번째 개체의 𝑡 시점까지 발생된 재발사

건의 총 횟수 
 𝐻𝑖 𝑡 = 𝑁𝑖 𝑠 : 0 ≤ 𝑠 < 𝑡 : 𝑖번째 개체의 𝑡 시점적전까지의 재발
사건에 대한 기록  

 Intensity function 

 𝜆 𝑡 𝐻𝑖 𝑡 = lim
Δ𝑡→0

𝑃 𝑑𝑁𝑖 𝑡 =1|𝐻𝑖(𝑡)

Δ𝑡
= 𝜌 𝑡  (w/o covariate) 

 𝜆 𝑡 𝐻𝑖 𝑡 , 𝑧𝑖 = 𝜌𝑖(𝑡) = 𝜌0 𝑡 exp 𝛽′𝑧𝑖  (w/ covariate) 

 Cumulative mean function 

 𝜇 𝑡 =  𝜌 𝑠 𝑑𝑠
𝑡

0
= 𝐸 𝑁𝑖(𝑡) (w/o covariate) 

 𝜇𝑖 𝑡 𝑧𝑖 = 𝜇0 𝑡 exp 𝛽′𝑧𝑖  (w/ covariate) 
 𝜇0 𝑡 =  𝜌0 𝑠 𝑑𝑠 : baseline cumulative mean function 

 



Non-parametric method 

 𝑡1 < ⋯ < 𝑡𝐻: distinct event times across all 
individuals 

 NPMLE for 𝜇 𝑡  

 𝜇 𝑡 =  
 𝑌𝑖 𝑡ℎ 𝑑𝑁𝑖(𝑡ℎ)𝑛

𝑖=1

 𝑌𝑖(𝑡ℎ)𝑛
𝑖=1

ℎ:𝑡ℎ≤𝑡  

 𝑌𝑖 𝑡 = 𝐼 𝑡 ≤ 𝜏𝑖 , 𝜏𝑖: termination time, end-of-follow-
up time, or censoring time 

 Same as Nelson-Aalen estimator 



Bladder data (revisited) 



Semi-parametric method 

Method Risk interval Risk set Baseline hazard 

Andersen & Gill 
(AG) 

Counting process Unrestricted Common 

Prentice, Williams 
& Peterson (PWP-

CP) 
Counting process Restricted Event-specific 

Prentice, Williams 
& Peterson (PWP-

GP) 
Gap time Restricted Event-specific 

Wei, Lin & 
Weissfeld (WLW) 

Total time Semi-restricted Event-specific 



Hypothetical example 



Three types of risk interval 



Partial likelihood 



Partial likelihood 



Bladder data (revisit) 



Bladder data (revisit) 



다변량 생존자료분석 

군집생존자료분석 

재발사건자료분석 

다상태모형 

경쟁위험모형 



Multi-state model 

 두 가지 상태(0:alive, 1:dead)를 가진 생존자
료 

 1: absorbing state (흡수) 

 𝐾개의 상태, 𝐾 = 1, … , 𝐾 , 를 가진 다상태
모형 

 Illness-death model: 3 states (0: healthy, 1: 
diseased, 2:dead) 



Transition intensity vs. 
transition probability 

 𝑃ℎ𝑗 𝑠, 𝑡 = 𝑃 𝑋 𝑡 = 𝑗 𝑋 𝑠 = ℎ, 𝐹𝑠− : 
transition probability 

 𝛼ℎ𝑗 𝑡 = lim
Δ𝑡→0

𝑃ℎ𝑗(𝑡,𝑡+Δ𝑡)

Δ𝑡
: transition intensity 

 eg, in illness-death model, 𝛼01 𝑡 , 𝛼02 𝑡 , 𝛼12 𝑡  
 eg, in competing risks model, 𝛼01 𝑡 , … , 𝛼0𝐾 𝑡   

 Relation  
 eg, in illness-death model, 

𝑃00 𝑠, 𝑡 = exp −  (𝛼01 𝑠 + 𝛼02(𝑠))𝑑𝑠  

 eg, in competing risks model, 
𝑃00 𝑠, 𝑡 = exp −  −  𝛼0𝑘

𝐾
𝑘=1 𝑠 𝑑𝑠  

 

 



Estimation of transition probabilities in 
finite-state Markov processes 

 𝛼ℎ𝑗𝑖 𝑡|𝑧𝑖 = 𝛼ℎ𝑗0 𝑡 exp(𝛽ℎ𝑗
′ 𝑧𝑖) : transition 

intensity from state ℎ to state 𝑗 for the 
individual 𝑖 

 Using 𝛽  and  𝐴 ℎ𝑗0 𝑡, 𝛽 , obtain 𝐴 ℎ𝑗 𝑡 𝑧 =

𝐴 ℎ𝑗0 𝑡, 𝛽 exp 𝛽 ′𝑧  for ℎ ≠ 𝑗 and 𝐴 ℎℎ 𝑡 𝑧 =

−  𝐴 ℎ𝑗(𝑡|𝑧)𝑗≠ℎ , and then 𝑃ℎ𝑗(𝑠, 𝑡|𝑧) can be 

estimated 



BMT data (revisit) 

처리그룹 Patients Platelet 
recovery  
0→1 

Relapse or 
death  
0→2 

After plate 
recovry, 
relapse or 
death 
1→2 

ALL 38 35 3 12 

AML low risk 54 48 6 9 

AML high risk 45 38 7 18 

Total 137 121 16 67 



BMT (revisited) 



다변량 생존자료분석 

군집생존자료분석 

재발사건자료분석 

다상태모형 

경쟁위험모형 



Competing risks model 

 Multi-state model의 일종, absorbing state가 여
러 개 있음 

 한 사건의 발생은 다른 사건의 발생을 중도절
단시킴 
 eg, 주관심이 암의 재발일 때 어떤 환자들이 사망한 
경우, 사망사건의 발생은 암 재발에 대해서는 중도
절단 사건이 됨 

 𝐾 = 2 일 때, 한 사건이 다른 사건으로의 전이를 허
용하지만 그 역은 성립하지 않는 경쟁위험모형을 
준경쟁위험모형(semi-competing risks model)이라
고 함 



Cause-specific cumulative 
incidence function 

 𝑇 = min 𝑇𝑗: 𝑗 = 1, … , 𝐾 , 𝜖 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑗 𝑇𝑗  

 𝑇𝑗: 𝑗번째 원인에 의한 사건발생시간 

 𝜆𝑗 𝑡 = lim
ℎ→0

𝑃(𝑡≤𝑇<𝑡+ℎ,𝜖=𝑗|𝑇≥𝑡)

ℎ
, 𝑗 = 1, … , 𝐾 : 원인별 위험

함수 
 𝜆 𝑡 =  𝜆𝑗 𝑡𝐾

𝑗=1 : 𝑡시점에서 어떤 원인에 의해서든 실패할 
확률 

 𝐹𝑗 𝑡 = 𝑃 𝑇 ≤ 𝑡, 𝜖 = 𝑗 =  𝑆 𝑠 − 𝜆𝑗 𝑠 𝑑𝑠
𝑡

0
=

 𝜆𝑗 𝑠 exp(−  𝜆 𝑢 𝑑𝑢
𝑠

0
) 𝑑𝑠

𝑡

0
: cause-specific cumulative 

incidence function(CIF), 즉 모든 다른 실패 원인이 존재
할 때, 𝑡시점까지 원인 𝑗에 의해 실패할 확률 

 𝑆 𝑡 = 𝑃 𝑇 > 𝑡 = exp  𝜆 𝑠 𝑑𝑠
𝑡

0
: overall survival function 



Estimated CIF 

 𝑡1 < ⋯ < 𝑡𝑟: unique ordered uncensored time 
points 

 𝑑𝑖𝑗: # of events of type 𝑗 that occur at time 𝑡𝑗 
 𝑛𝑖: # at risk at 𝑡𝑖  

 𝐹 𝑗 𝑡 =  
𝑑𝑖𝑗

𝑛𝑚
𝑆 𝑡𝑚 − :𝑚:𝑡𝑚≤𝑡  estimated CIF 

 𝑆 : PL estimator of the probability of being free of 
any event by time 𝑡 

 𝐹 1 𝑡 ≤ 1 − 𝑆 1(𝑡) (‘1’: event of interest, ‘2’: set of 
competing risks event), i.e., at risk of being 
overestimated  

 



Melanoma data 

 피부암 환자 256명을 대상으로 사망원인을 
조사 

 피부암이 원인: 57(status=1), 중도절단: 
134(status=2), 다른 원인:  14(status=3), 

 



Cause-specific incidence  
function 



Cause-specific hazard 
function approach 

 Cox model for CSH 

 𝜆𝑗 𝑡 𝑧𝑖 = 𝜆0𝑗 𝑡 exp 𝛽𝑗
′𝑧𝑖 , 𝑗 = 1, … , 𝐾 

 Use the partial likelihood principle 

 𝑡1𝑗 < ⋯ < 𝑡𝑛𝑗,𝑗: 𝑛𝑗  times of type 𝑗 failures 

 𝑧𝑖𝑗: covariate for the individual that fails at 𝑡𝑖𝑗 

 𝐿 𝛽1, … , 𝛽𝐾 =   
exp 𝛽𝑗

′𝑧𝑖𝑗

 exp 𝛽𝑗
′𝑧𝑙𝑙∈𝑅(𝑡𝑖𝑗)

𝑛𝑗

𝑖=1
𝐾
𝑗=1   



Melanoma data (revisited) 



Sub-distribution function 
approach 

 𝑗번째 CIF 는 𝑗번째 원인별 위험함수뿐만 아니라 𝑗번째 원
인을 제외한 다른 원인별 위험함수의 합에도 의존  

 𝐹𝑗 𝑡 𝑧 = 𝑃 𝑇 ≤ 𝑡, 𝜖 = 𝑗 𝑧 : sub-distribution function 

 𝜆𝑗
𝑠 𝑡 𝑧 = lim

Δ𝑡→0

𝑃(𝑡≤𝑇𝑗<𝑡+Δ𝑡| 𝑇≥𝑡 ∪ 𝑇≤𝑡∩𝜖≠𝑗 ,𝑧) 

Δ𝑡
: sub-distribution 

hazard function 
 다른 유형으로 이미 사망한 사람도 위험 그룹에 포함됨 

 𝐹𝑗 𝑡 𝑧 = 1 − exp −  𝜆𝑗
𝑠 𝑠 𝑑𝑠

𝑡

0
 

 Parameter estimation: under Cox PH model, 
 Censoring complete data: 중도절단시점을 사전에 앎 
 Inverse probability censoring weight approach: 𝑤𝑖 𝑡 =

𝐼 𝐶𝑖 ≥ 𝑇𝑖 ∧ 𝑡
𝐺 𝑐 𝑡

𝐺 𝑐 𝑇𝑖∧𝑡
, 𝐺 𝑐: PL estimator of 𝐺𝑐  



Melanoma data (revisited) 
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